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This study module is aimed at ensuring at least 50% marks in the board exams and is prepared using the
available study materials of KVS but in a concise manner. This also includes previous years CBSE
guestions and marking scheme so that students will have idea on what type of questions can come from a
particular chapter and what points need to be in their answers to get marks. Hope this module will boost

your confidence both during the preparatory stage as well as during the examinations.

Chapter 1 -RELATION AND FUNCTION

To prove bijective function or invertible function:

One-one :
Suppose f(x)=f(y)
= X=y
on-to:
let ye codomain
such that f(x)=y
= X€& Domain

Ques.l. | et A=R-{3} and B=R-{1} f:A— B be defined as f(x):z—:z foreveryx € A

Then slow that f is bijective and also find f~!

Sol. One-one:
Suppose X, y €A S.T.f(x)=f(y)

xX—2 -2
o XL _ Yo
x—3 y-3

=

X
<

on-to:
letye B
such that f(x)=y

®
N

=

=Y

x
w

2 x = —21__3;’ €A therefore function is bijective. And f~(x) = 21__3;

Ques2. | Consider f: Ry — [-5, o), given by f(x)= 9x° +6x -5 .Show that f is invertible and
find f .

Sol. One-one :

Suppose X, y €A S.T.f(x)=f(y)




= 9x* +6x -5 =9y” +6y -5
= X=y
on-to:
let ye[-5,0) such that f(x)=y
= 9x® +6x -5=y

—2+Vx+6
3

= X= % €A therefore function is bijective. And f~1(x) =

Ques3.

Consider f: R, — [4, ] given by f(x)=x2+4, show that f is invertible with the

inverse f~1 of given by f~1(y)=/y — 4, where
R, is the set of all non negative real numbers.

Sol.

Same as ques. 2.

To prove equivalence relation:

Reflexive: x €A such that (x.x)ER
Symmetric: let (X,y)ER
= (y,X)ER
Transitive : let (X,y)€ER, (y,2)ER
= (Xx,2)ER

Ques4.

Show that the relation R defined in the set A of all triangles as R = {(T1, T2): Ty is

similar to T}, is equivalence.

Sol.

Reflexive: let T; € A since every triangle is similar to itself
= (Ty, T1)ER
Symmetric: let (T4, To)ER
= Ty issimilarto T,
= T2 issimilarto Ty
= (T, T1)ER
Transitive: let (T1, T2)ER and (T, T3)ER
= Tiissimilarto Toand T2 is similar to T
= Tqissimilarto T
= (T, T3)ER

= R is equivalence.

Quesb.

Let Z be the set of all Integers. And R be the relation on Z defined as




R={(ab):abe Zand |a—Db]isdivisible by 4 }. Prove that R is an equivalence

relation.

Sol. Same as ques. 4.

Ques6. | Let A={1,2,3....9} and R be the relation in Ax A defined by (a,b) R(c,d)
=(a+ ¢, b + d) for (a,b) R(c,d) in AX A prove that R is an equivalence relation

Sol. Same as ques. 4.

To prove binary operation:

Closure property : a~xa€A
Commutative property: a-b=b-a
Associative property : (asb)«c=ax(b+C)
Identity : a~e=a

Inverse: a~a’=e

Ques7. | Check whether the binary operation * define on R by a*b=ab + 1 is (i)
commutative (ii) associative.

Sol. ax*xb=ab+1

= bxa=ba+1

= ax* b = b x a therefore * is commutative
Now (a*b)*c=abc+c+1landax*x(b*xc)=abc+a+1
Here (a*b) *c # a * (b * c)
Therefore * is not associative.

Ques8. | Let A =N xN and * be a binary operation on A defined by (a, b)*(c,d)=(a +
¢, b + d)Show that * is commutative and associative.Also find the identity
element for * on A if any.

Sol. Let(a,b),(c,d) €A

(a,b)*(c,d)=(a+c,b +d)and (c,d)*(a,b)=(c + a,d + b)

therefore * is commutative

Let(a, b),(c,d)(e, f) €A
{(a,b)*(c,dD)}*(e,)=(a+c,b+d)x(e,f)=(a+c+eb+d+ )
(a,b)*{(c,d) = (e,f)}=(a,b) x(c+e,d+f)==(a+c+eb+d+f)

Therefore * is associative.




For identity let (e4, e, )EA such that
(a,b) * (el, ez’) = (a,b)

= (el,ezj) = (0,0) ¢A therefore identity does not exits,

Ques9. | show that the following operation *defined as a*b :% is commutative
associative, and find the identity element if any and also find inverse of a.
Sol. Same as quest. 7 and ques 8.
Ques10. | f(x) = e* and g(x) = logx find fog
Sol. | fog(x) = f(g(x)) = f(logx) = €!9" = x
Quesll. | Let f: R — R be defined as f(x)=10x+7.find the functioning g:R—R such that
gof=fog=1,
Sol. Lety =10x+7
= x=2
10
> g(x)==
Ques12. | If, R is the relation ‘Is greater than” from A={2,3,4,5,6} to B{2,5,6} write the
element of R.
Sol. R={(3,2)(4,2)(5,2)(6,2)(6,5)}
Chapter 2 - INVERSE TRIGONOMETRY FUNCTION
Learn the formula:  tan™lx + tanly = tan‘l(lx%'y)
tan 'x—tan 'y = tan™! (:;;;)
Conversion of one trigonometry function to other.
Quesl. | prove that: tan~! % + tan™?! % + tan™?! % + tan‘lé ==
Sol. L.HS.=tan?! § + tan‘lé = tan~! 16—7 +tan~?! :—; =tan™! % =tan"11 = %
R.H.S.
Ques2. | solve for x: tan~2(x + 1) + tan"1(x — 1) = tan™? 38—1




Sol. Heretan (x + 1) + tan"1(x — 1) = tam‘lj—1
= tan I _pgpt 2
1-(x2-1) 31
2x 8
2-x2 31
= x=—4andx = %
Ques3 | Show that sin!2 - sin~! = =cos 1 2%
5 17 85
Sol. LHS=sin"!3-sin"!2=tan"'2 —tan! 2 = tan"' = = cos ! = =R.H.S.
5 17 4 15 84 85
Quesd. | If tan 2 =+ tan 2 X2 =2 | then find the value of x.
x—2 x+2 4
Sol. Same as ques. No. 2
Ques5. | Solve for x, tan}(—=) = 2 tanx. x > 0
1+x 2
SOI. tan'l( 1__x) = l tan'lx
1+x 2
= 2tan’ (=) = tan’x
1+x
2
= tan (LX) = tan’x
2x
-+ 1
= X=% NG
Some useful substitutions
1. For Vx% —a? put x=asin@
2. For va? — x? put x=asec@
3. For Vvx% + a? put x=atan 0
4. Forvx—a and+x+ a putx=acos 26
Ques6. | Express in the simplest form
A/ 2
tan™ ( 1+;‘ Y, x=0
Sol. By substituting x= tan%
24— _ _ -1
tan'l (,/1+ tan?y 1) - tan'l (secy 1) :tan'l (1 .cosy) :f:mn x
tany tany siny 2 2
Ques7. | If 2 tan"1(cos ©)=tan"1(2 cosec ©) then find ©
Sol. Same as ques. No. 5




Ques8.

If sin [ tan" % +cotx] = 1, find the value of x.

Sol. X= T
2
Ques9. 2
Write in the simplest form : tan L ginsf 2 . +2oost L y2
2 1+x 2 1+y
Sol. 2
tan | Lsiny 2X . + Loos [ L Y
2 1+Xx 2 l+y
=tan = (2tan~1x + 2tan"1y) = Eard
2 )= 1-xy
Ques10. | Prove that:
sin’lE+cos’li+tan’1§ =z
13 5 16
Sol. Same as ques. No .3
Chapter 3 - MATRICES
For moral value problems, necessarily write the moral value.
Quesl. | Construct a 2x2 matrices A= [aijJWhere elements are given by aij:(i+2j)2/2
Sol. 9/2 25/2
A=
8 18
Ques2. | Construct a 2x3 matrices A= [aij there elements are given by
i—jif;i>
aij = { J er - J
i+ j,if;i<j
Sol. 0 3 4
A p—
1 05
Ques3.

i ) X+2y 3y 0 -3
Find the value of x and y from the following =
4x 2 8 2




Sol. Xx+2y 3y| |0 -3
Here =
4x 2 8 2
= 3y=-3
= y=-1and 4x=8
= X=2
x=2;y=-1
Ques4. 6 -2 2
Express the matrix A=| -2 3 —1|as the sum of symmetric matrix and
2 -1 3
skew-symmetric matrix.
Sol. 6 -2 2
Here A=|-2 3 -1
2 -1 3
6 -2 2
> A=[-2 3 -1
2 -1 3
= Since A=A’ therefore its symmetric part is A and skew symmetric part is
zero.
Ques5. 1 2 3
IfA=|3 —2 1| Then show that A>-23A-401=0
4 2 1
Ques6. | The bookshop of a particular school has 10 dozen chemistry books, 8 dozen
physics books, 10 dozen economics books. Their selling prices are Rs 80, Rs 60
and Rs 40 each respectively. Find the total amount the bookshop will receive
from selling all the books using matrix algebra.
Sol. A = no of books

And B= cost of each book
A=[120 96 120]

[
80
82[60]
40




Total cost= AB=[120 96 120] [60]:[9600 + 5760 + 4800]=20160

Ques?’. . . . _ 2 5
Using elementary row operations, find the Inverse of the matrix A= 1 3l
Sol. 2 5 .
Let A= . Taking A=IA
1 3
2 5/ |10
=> A.
1 3] |01
R2-2R2-R1
2 5] |10
=> A
0 1| [-1 2
R1-R1-5R2
2 0 6 -10
=> = A
0 1 -1 2
_ 1_[3 -5
=> A7 =] ] 5 ]
Ques8. 1 1 1
Forthe matrix A= 1 2 —3 ] Show that A3-6A42+5A+111=0. Hence find
2 -1 3
AL
Quesd. | £ 4 = [C9S @ —sin a] and A + A" = I then find value of a.
Sin @
Sol. Here A = [cgsa —sma] A= co'sa sina
sina cosa —SIna cosa
, _ [2cosa 1
Therefore A + A’ = [ 9c0s a] [0
2 qg=2
3
Ques10. _[3 -2 _[1 0 ' 2 = kA —
If A [4 _2] and I 0 1] then find k so that A kA — 21I.

Chapter 4 - DETERMINANTS

Useful tips:




For the 4 marks question of determinants
Write C1-C1-C2
And C2- C2 — C3

And solve accordingly

Quesl. 1 a a?
Using properties of determinants provethat {1 » b2%2| =(a—-b)(b-c)(c-a)
1 ¢ c?
Sol. 1 a a?
Given |1 p b?|taking R1->R1-R2 and R2— R2 — R3
1 ¢ c?
0 a—b a?*-b?
=0 b—c b?—c?
1 c c
Expanding along R3
=(a-b)(b-c)(c-a)
For the following questions write: C1-C1+C2+C3
Ques2. x+a b c
Provethat | @ x+b ¢ | =X (x+a+b+c)
a b xX+c
Sol. Taking C1-C1+C2+C3 and proceeding as ques. 1 we get the result.
Ques3. | Prove that:
X+4  2X 2X
2x  x+4  2x |=(5x+4)4-x)
2X 2X  X+4
Sol. Taking C1-C1+C2+C3 and proceeding as ques. 1 we get the result.
Ques4. | Using properties of determinants, prove that
a+b+2c a b
c b+c+2a b =2(a+b+c)®
C a c+a+2b
Sol. Taking C1-C1+C2+C3 and proceeding as ques. 1 we get the result.
Ques5. | Using properties of determinants, solve the following for x:




a+x a—x a—x
a—x a+x a-—x| =0
a—x a—x a-+x

Sol. Taking C1-C1+C2+C3 and proceeding as ques. 1 we get the result.

Learn some formula for 1 marks:

ladj A| = |A|"*"1

|k Al = k"|A|

o1 adi(A)

4]
Ques6. | Given A is a non —singular matrix of order 3 and |A| = -4 then find|adj A |.
Sol. We know that |adj A| = |A|™1
= |adj A|=-64

Ques7. | What is the value of |3 13|, Where I3 is the identity matrix of order 3 ?

Sol. We know that :|k A| = k™|A]|
|3 13| = 33|I3|=27
For moral value problems, necessarily write the moral value.

Ques8. | The bookshop of a particular school has 10 dozen chemistry books, 8 dozen
physics books, 10 dozen economics books. Their selling prices are Rs 80, Rs 60
and Rs 40 each respectively. Find the total amount the bookshop will receive
from selling all the books using matrix algebra.

Ques9. | 10 students were selected from a school on the basis of values for giving awards

and were divided into three groups. The first group comprises hard workers, the
second group has honest and law abiding students and the third group contains
vigilant and obedient students. Double the number of students of the first group
added to the number in the second group gives 13, while the combined strength
of first and second group is four times that of the third group. Convert this
situation in matrix form. Apart from the values, hard work, honesty and respect
for law, vigilance and obedience, suggest one more value, which in your opinion,

the school should consider for awards.




Sol.

Let X, y, z be the number of students for first group second group and third group
= x+y+z=10
2x +y =13
x+y—4z=0
The above can be written in the form
AX=B

1 1 1
2 1 0
1 1 —4

the equation x=5, y=3, z=2

Where A=

x 10
X:M and 82[13] find A~* and |A| then solve
z 0

Ques10.

A school wants to award its students for the values of Honesty, Regularity and
Hard work with a total cash award of rupees 6000. Three times the award money
for hard work added to that given for honesty amounts to rupees 11000. The
award money given for honesty and hard work together is double that given for
regularity. Represent the situation algebraically and find the award money for
each value using matrix method. Suggest one more value which the school must

include for awards.

Ques11.

The management committee of a residential colony decided to award some of its
members for honesty, some for helping others (cooperation) and some others for
supervising the workers to keep the colony neat and clean. The sum of all the
awardees is 12. Three times the sum of awardees for cooperation and supervision
added to two times the number of awardees for honesty is 33.The sum of the
number of awardees for honesty and supervision is twice the number of awardees
for helping others. Using matrix method, find the number of awardees of each
category. Apart from these values suggest one more value which the

management of colony must include for awards.

Sol.

Let X, y, z refers to Honesty , cooperation and supervision
Therefore we have x+y+z=12, 3y+3z+2x=33, X+z=2y
i.e. AX=B




1 1 1
where A= |2 3 3|&|A =3

1 -2 1
9 -3 0 9
i -1 adj(A) 1
Now, AdjA= |1 0 -1/So, X =A B:TB thus X = § 12 |,
-7 3 1 15
~Xx=3 y=4,2=5

Keeping security in the colony is one more value.

Chapter 5 - LIMITS AND DERIVATIVES

Useful tips:
For limits:

Write at x=a
L.H.L.=1lim,_ f(a — h)=
R.H.L.=lim_ f(a + h)=
F(a)=

And solve accordingly

Quesl. | For what value of a and b such that the function defined by
5 ifx <2
f(x) = Jax+b 2<x<10 is a continuous function everywhere
21 10 <x
Sol. At x=2

L.H.L.=log,_,- f(x)=5
R.H.L.=log,_,+ f(x)=2a+b
=>2a+b=5 (i)

At x=10

L.H.L.=log,_10- f(x)=10a+b
R.H.L.=log,_ 0+ f(x)=21
=> 10a+b=21 (ii)




Solving the above equationsa=2,b =1

Ques2.

Find the value of k so that the function f given by:

k cos x

f(x)= T —2X
3, if x=

, If x#

is continuous at X =

NNy

Sol.

Function is continuous at ng

therefore, lim f(x)= Iim_f(x):f(%j

T T
X—>— X—>—
2 2

kcos(72Z+hj
— lim f [£+hj=3z>lim—=3
h—0 2 h—0 T
ﬂ—2[2+hj

5|.m(3'2hj_3:k=6

2 h—0

Learn all the basic formula of derivatives

For derivatives learn the formula of derivatives

df (x)9® g(Of (x)

uc Az ®) '
e GOt b ron [0 +log(f(x))g (x)}

Ques3.

COSX

Find the derivative of y= (sinx)

Sol.

COSX

y= (sinx)

Yy _ (sinx) co 1 : :
= (sinx)cosx{ pr og(sinx)sinx}

dx

Ques4.

ind & iy x — b
Flnddx if x¥ +y*=a".

Sol.

xY +y*=al

Differentiating w r t X
y dy x dy
Y(=+1 — (= —+1 =0
X (x+ ogxdx)+y (y dx+ 0gy)

Yi.x
d xY=+y*logy
o —{——

dx xylogx+y"§

Quesb.

CAY e (14 1
Find - if y=x*Y + (x + ;)x




Sol. Same as ques. 3.

Quest. If x¥ =e®™; prove that dy __ logx

dx  (1+logx)?

Sol. Here x’ =e*
Taking log on both the sides
ylogx = x — y Differentiating w r t X

y dy _ ., _dy
= x+logxdx—1 —

dy  logx

dx  (1+logx)?

For parametric equations: x=f(@) and y=g(0)

dy
4y _ a6
dx dx
de

dy
ey 4(z) do

dx? _  dO dx

Ques7. | If x=3sin@—-sin30,y =3cosH —cos34, Find dy/dx at 6 =n/3 ?

Sol. Here x =3sin@—sin360,y = 3cos @ — cos 3¢

Differentiating w r t 8 we find Z—: and Z—: after dividing these we find %.

Ques8. d2y
Ifx =a(t—sint) and y =a(l-cost), find { }
att==

2




Sol. Given x =a(t —sint) and y =a(l1—cost),
dx dy

— — =a(l—cost) and — =asint
dt dt

.t t
2asin —cos —
2 2

.dy  asint
dx a(l—cost) a2sin? L
2
:cotL
2
2
d yz—coseczlxlxﬂ
dx? 2 2 dx
1 Lt
= _——cosec’ —
4a

.-
dx? atlT a
2

For trigonometric functions:

apply the substitutions
1. For Vx% —a? put x=asin@
2. For Va? — x? put x=asec6
3. For Va2 — a? put x=atan 0

4. For+x—a +a+ x and v/x + a put x=acos 20
And then solve accordingly

Ques9. | Differentate:

2x
1+x2

2 R
tan-lﬁ w.r.t. sin-

Ques10 | If y=(sin"’x) then prove that (1-x°) y» —X y; = 2.

Sol. y=(sin"x)
Differentiating w r t x.

yl_Zsin‘lx

i
= (1 —x?)y1? = 4y again Differentiating w r t x we have
=2 (1-x%) y,—Xy1 =2

Quesll. | 1f yVxZ + 1 = log(vxZ + 1 — x) prove that (x2+1)2—i+xy+1:0




Sol. Same as ques. No. 10.

Rolle’s theorem: write

(i) the function is continuous (ii) the function is differential

(iii) f(a) = f(b)

Mean value theorem: write

(i) the function is continuous

(ii) the function is differential.

uesl2
Q Verify Rolles theorem for f (x) =sin* x+cos* x; x e {O, %} .

Sol (i) The given function is continuous for x € [0,7]
2

(ii) the function is differential for x € (0,2)
2

. ™

if) =f(3)=1
Therefore the given function is applicable for rolle’s theorem
Now f'(c) = 4sin3xcos — 4cos3xsinx = 0

5 x =-
4

Ques13 | verify Rolle’s Theorem for  (X) =v4—x?;x e [-2.2]

Sol. Same as ques. No. 12.

Ques14. | Verify Mean Value theorem f(x) = sin x —sin 2x , x €[0, 7]

Sol. Same as ques. No. 12.

Ques15. | Verify the mean value theorem if f(x) = x* -4x — 3 in the interval [1, 4].

Sol. Same as ques. No. 12.

Quesld. | ¢ X1+ Yy +yJ1+x =0 ,, -1<x<1Prove that % i

X J1-x2

Sol. Same as ques. No. 6.

Chapter 6 - APPLICATION OF DERIVATIVES

For increasing and decreasing functions:

ind & dy_
Find o and equate ™ 0




find the value of x,

and then solve further.

For increasing function % = L(xx) >0 and
For decreasing function DO
dx dx

Quesl. | Show that function f(x)=2x—Lis strictly increasing on R
Sol. f'(x) = 2 > 0 therefore function is strictly increasing on R
Ques2. | Find the intervals in which f(x) = sin X + cos x , 0 <x <2 T, is increasing or
decreasing.
Sol. f'(x) = cosx —sinx =0
w5
v X=TT
= f'(x)=0forx e [0,1m/4) U (51/4,2mn]
and f'(x) < 0 for x € (m/4,5n/4)
therefore function is increasining for x € [O, E) U (%T, 211]
and decreasing x € (/4 ,51m/4).
QUEs3. | Find the intervals in which the function f given by f (x) = 4x° - 6x? — 72x + 30 is
(a) strictly increasing (b) strictly decreasing.
Sol. Here f(x) = 4x° — 6x* — 72x + 30
fi(x)=12x*—12x — 72
=12(x*—x—6) =12(x—3) (x +2)
f(x)=0givesx=-2, 3.
The points x =—2 and x = 3 divides the real line into three disjoint intervals,
namely, (- o, —2), (-2, 3)and (3, )
For X€(— o0, — 2) and (3, ) f'(x) >0 = function is strictly increasing .
Xe(—2,3) f(x)<0 = function is strictly decreasing .
Ques4. | Find the intervals in which the function f (x) = x? — 2x is strictly increasing and




strictly decreasing.

Sol. Same as ques. No. 2.
ue85 _ 4sin6 _ . . . . E

Q Prove thaty = Zrcos0) 0 is an increasing function for 8¢(0, 2)
Sol. — _4sinb

Here y= (2+cos0)

dy _ 4(2+cos0)cosB+4sin6.sind . b

0 (2+cos0)2 1= 0for 6¢(0, 2)

Therefore function is increasing function for 96(0,%)
Ques6. | Show that y=log(1 + x) — % is an increasing function for all x > —1
Sol. Same as ques. No. 5.

For tangents and normal :

Find % at the given points.

dy
Slope of tangent m = —=
Y gentm dx(ab)

Equation of tangent : y — yo = % (x — xp)

Equation of normal (y — y,) % +(x—x9)=0

If the tangent is parallel to a line then

Slope of tangent= slope of the line
Ques7. | Find the point on the curve y = 2x°— 6x — 4 at which the tangent is parallel to the

X — axis.
Sol tangent is parallel to the x —axis  therefore Z—i’ =0

= 4x-6=0 therefore x= 3/2 and y=-17/2
Ques8. | Find the slope of tangent for y = tan x + sec X at x = /4.
Sol. Slope of tangentzz—z( n)zseczx + secxtanx =2 +12
x=T
4
RATE OF CHANGE:

1. Ify = f(x) then %] represent the rate of change of yw.r.t x at = x, .
X=Xg




2. dy/dx is positive if y increases as x increases and is negative if y decreases

as X increases.

Ques. Sand is pouring from a pipe at the rate of 12 cm3/s. The falling sand forms a cone
on the ground in such a way that the height of the cone is always one-sixth of the
radius of the base. How fast is the height of the sand cone increasing when the
height is 4 cm?

Sol. 1,

Volume of cone V' = ST h
v _ 3 2 (L 2p) = ;
i 12 cem® /sec = ” (3 nr h) =12 .......(0)
As h = %r = r =6h
Putting in (i), we have
d[3m(6n)?xn] _ 12
dt
3
dun’] _ 1 S temx3P=12 %o L
dt dt dt 3mh?
when h = 4 cm,@ =L cmis
dt 481
Hence height of sand cone is increasing at the rate of ﬁ cm/sec.
For maxima and minima
First draw the figure
Learn the formula
Volume of conez% nr’h
Surface area of cone=mrl
Volume of cylinder= nr?h
Curved surface area of cylinder=2nrh
Total surface area of cylinder=2urh + 2mr?
Ques9. An open box with a square base is to be made out of a given quantity of sheet of

area a° Find the maximum volume of the box.




Quesl10. | Show that the volume of the largest cone that can be inscribed in sphere of
radius R is % of the volume of the sphere.
Quesl1l. | Show that the right circular cone of least curved surface and given volume has
an altitude equal to V2 times the radius of the base.
Quesl2. . . . . . ;
A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made
into a square and the other into a circle. What should be the length of the two
pieces so that the combined area of the square and the circle is minimum?
Sol. Let the length of one piece be x cm, then the length of other piece will be (28-x)
cm.
Let from the first piece we make a circle of radius r and from the second piece we
make a square of side y.
Then 2nr = x =>r=% 4y =28 — x ﬁy:zi_x ............ (i)
Combined A= 12 2 (x\*, (28-x\? ..
ombined area A=r~ +y —”(g) +( " ) ............ (i)
D> A =2-228-x) and A" =——1(0-1)=A4"=—+-
21 8 21 8 21 8
For max. Or min.
A=0= i—1(28—x)=0 = x =2 Since A" =+4ve for x =
21 8 4+1
281
4+1
. . 28w
Therefore A is min for x = —
4+1
Thus the required length of two pieces are x = f}% cm.and 28 —x = 28 —
28m _ 192
44 44T
Ques13. | Show that the height of the cylinder of maximum volume that can be inscribed
2R
in a sphere of radius R is v3
Quesl4. | Prove that semi vertical angle of the right circular cone of given volume and least

curved surface area is cot™ \/E )




Given a right circular cone whose C.S.A. is to be minimize

V = %ﬂ'rzh — h = j\r/z —>h? = j_\z/; .......... @
12 :j\z/—;+r2 — 9"27;;r’jzr6 ......... (2)

csa = zrl => (csa)® = 7°r?1* = 7°r? 9V27:;r722r6
(csa)® = gr\;2 +7irt. D

2(csa) = %{Z‘VZ +472°r® =0 = 9v?® =27°r°

eqn.1,2 => h =2r => 1 = /3r,
=>cot@ =2 == @ =cot *V/2

Quesl15. | A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top
by cutting off squares from each corner and folding up the flaps. What should be
the side of the square to be cut off so that the volume of the box is the maximum
possible?

Sol. Let x be the length of the side of the square to be cut off.

Then the length of the box = 45-2x , Breadth of the box = 24-2x
Height of the box = x
Let V be the volume of the box.

Then V = xbxh=(45-2x)(24-2x)x = 1080x-138x*+4x° ————(1)
dv , ,
o 1080x-1382x+4x 3x* =12X* — 276X +1080 ———(2)
X
= dz\zl =24x-276————(3);
X

For the maximum or minimum value of VV

(jj—v =0 Then by (1) we have 12x* —276x+1080=0
X

Forx=5cm, =x*—-23x+90=0=x=18,5

d’v =120-276<for x=50.

X2




Hence the volume is maximum at x =5 cm

Therefore the side of the square to be cutoff =5 cm.

Quesl6.

Show that the height of the cylinder of greatest volume which can be inscribed on

a right circular cone of height h and semi vertical angle a is 1/3 that of the cone

and greatest volume of cylinder is 2;477zh3 tan® o

Chapter 7 - INTEGRATION

FORMULAE:

1.Isecxdx=Iog|secx+tanx|+c
2 I cos ecxdx = log | cos ecx —cot X | +C
3 _[tanxdx=|og|secx|+c

4. Icot xdx =log |sin x| +c

5 | ff ((;‘)) dx =log | f(X)]+c

jf(x) dx=2.F(x) +¢

LY (X)]n+1

7jf ([ ()] dx = .

1 1
8.I NERPY dx_gtan (x/a)+c

1
9. Irazdx =—|Og

10.[ ! dx:ilog

dx:log‘x+ x> +a’l+c

1
i

dx:log‘x+ x> —a’|+c

1
2




13_[\/7dx sin” (X}Lc

d
14, Juvdx=ufvx— j{&u_fvdx}dx *+Cwhere u and v are functions of single
variable x or constants.

15, [E T 00+ 1/00ldx=e*f () +c

16. jmdx:§m+%z|og[x+m]+c
17.jm‘1x=gm—%zlog[x+m]+c
18. jmdx=gm+a—;sin‘l(x/a)+c

19. Definite integral as limit of sums:

j.f(x)dx=|imh[f(a)+ Fa+h)+ f(a+2h)+ f(a+3n) o +f{a+(n-Dh}

a h—0
Where nh=b-a, a<b

Properties of Definite Integral:

20. T fOdx = i f (z)dz

21, i F(dx = —i f (x)dx

22 [ 1090 [ 090 [ 1008 ¢ s amyrel mumber
23. i f(X)dx=j' f(a+b—x)dz

oa, | 1000x= (a0

25. Tf(x)dx =j f(X)dX+i f (2a—x)dx




2} f)dx i, f(2a—x) = f(x)

26, | T000x=
0 0 if,f(a-x)=—f(x)

2} FOOdx if, f(=x) = F(X)

27, | T000x=
2 0 i, f(-x)=—f(x)

Substitution method:
o [g(f(x)f (x)dx substitute f(x) = t and f'(x)dx we have
[9(fO)f ()dx = [ f(t)dt

[ 52 dx= logIf (x)|+c

Quesl. | Eyaluate [ 2 d
1+x3
Sol. _1at 3 _ 2 0 —
fl+x3dx [ — put1+x° = tand 3x*dx = dt
:glogll +x3| +c
2
QUESZ. F|ndf (1+lzgx) dx
Sol. Same as ques. No. 1, put (1 + logx) = t and i—x =dt
ues3. i)
Q Find [ o X
_ zx
Sol. f(zzx+z_2x == f% put e?® + e 2* = tand (e?* — e ?*)dx = dt
=% log(e®* + e 2*) + ¢
Ques4. | Evaluate [ 2=
sin(x+a)
Sol. Putx+a=t,x—a=t—2aanddx = dt

f sin(x—a) :f sin(t—2a) :f sint cos2a—cost sin2a
sin(t) sin(t)

dt={ cos2adt- sin2acottdt

sin(x+a)




=cos2a t-sin2a log sin t +c putting the value of t we get result.

1

ues>s. .
Q Evaluate.f cos(x—a)cos(x—b)
Sol. f 1 p J sin{(x —b) — (x — a)}
X =
cos(x — a)cos(x — b) sin(a—b) J cos(x —a)cos(x — b) dx
— |t —b)—t —
sm(a — b)f an(x — b) —tan(x — a)dx
B 1 l cos(x —a) N
“sin(a—b) | cosx—n)f ¢
Integration by partial fraction:
Quesb.
Evaluate: [ — (1 ”
Sol. Divide numerator by denominator and apply partial fraction you can find the
solution.
ues?. sinx
Q Evaluate f(l—cosx)(z—cosx)
Sol. Put cos x=t and apply partial fraction you can find the solution.
Ques8. (@x-1)
Evaluate [ DTG0
Sol. (2x—1)dx = -3 3 . . .
Here e~ o T T oo (By using partial fraction)
(2x—-1)dx _r dx
Therefore fm—( 1/6)fx 1/3f +1/2f
:_?lloglx —-1| - %loglx + 2|+ Eloglx -3|+C
je" (f(x) +f'(x)) dx = e*f(x) + ¢
x—3
Ques9. | Evaluate: [ e*( T
Sol. x xX=1=2 x
[e*(Zopdx=[ e* Coddx = [ e* (s + o) dx=e™ ot
Integral of th _ nd [—22X1
tegral of t etypefmdxa dfmdx
ues10 Y
Q Evaluate: [ -———dx




1 1

Sol. fvx2+4x+10 dx=fmdx=log|x +2+VxZ+4x+10|+¢
Quesll e”

Evaluate [ To—aer—ern X
Sol. Pute* = tand e*dx = dt and proceed as ques. No 10.

ues12 L[ 3x4S
Q Evaluate: [ -———dx
Ques12 3x+5 dx
Vx2 —8x +7
5 (2x —8) + 17
v —-8x+7
> (ZX —8) f 7
= | Z——dx + dx =3yx2—8x+7
Vx2 —8x+7 (x —4)?—-32
+ 17log |(x —4)++x%—8x + 7| +c
Integration by parts:
af ( )
fgdx = f(x) | gldx + | (7= | f(x))dx +c
uesl3 xsin”tx

Q Evaluate f N

Definite integral:

Very important property: I f (x)dx :J' f (a—x)dx

0 0

Quesl4 T x.sinx.cosx

EV3.|UatEZf02 sin*x+cos*x




Let] =

Sol. — x.sinx.cosx (I)
0 sin*x+cos*x

[ J-7 (7 — X). sin(7 — X). cos(% —-X)
0 sin‘*(% —-x)+ cos‘*(% —Xx)

T (E—x).sinx.cosx
R C——

I'= fOZ sin*x+cos*x dox -=--=- (“)
S _ T 2 sinx.cosx 7 (2 tanxsec?x 2.
(|)+(||):> 21 = f;mdx—; fozmdx, pUt tan“x =t
2
=1=—
16
QueslS | Eyaluate: J§log(1 + tanx)dx
TL'
Sol. Let/ = fo /4log(1 +tanx) dx
7T/4 s
I = fo log(1+tan(z—x)) dx
/s 1-tanx _ /s
= f log[l + 1+tanx] dx= fo log[2 — log(1 + tanx)] dx
2] = Zlog 2
I="log2
Quesl6 EV3.|UatEf0 sinx+cosx
9+16sin2x
Sol. substitute sinx — cosx = t and sin2x = 1 — t?

Quesl?7 | Evaluate:

. L—sinx
Ie dx
1-cos X
Sol.
1—sinx 1-2sin - cos >
Given jex dx:_"eX 2 2 dx
1-cos X

2sin? X
2

_Ie ( cosec ——cotszx

:—excot§+C
2




Chapter 8 - APPLICATION OF INTEGRATION

Tracing of some important curves :
1. y=x? parabola with axis along Y axis and vertex at (0,0).
2. x=y’ parabola with axis along X axis and vertex at (0,0).
3. x*+y?=a’circle centre at (0,0) and radius a.

4. Equation of line passes through the points (x1,y1) and (Xz,Y-)

. . _y2-y1
Is given by: yyi=— (x—2x1)

Area of the region:

Area of region bounded between the curve y=f(x), X- axis and ordinate x=a

to x=b is given by A:f: f(x)dx

Quesl. | Find the area bounded by the parabolay = x* and x = 4.

Ques2. | Find the area enclosed by the ellipse z—z + Z—: =1
Area of region bounded between the curve x=f(y), Y-axis and ordinate y=a
to y=b is given by A:f‘:7 f(ydy

Ques3. | Find the area bounded by the parabolay = x? and y =4.
Area of region bounded between the curve y=f;(x) and y =f,(x) ordinate x=a
to x=b is given by A:f:{fl(x) — f2(x)}dx

Ques4. | Find the area of the region bounded by the parabolay = x* and y =| x|

Ques5. | Find the area of the region bounded by x? = 4ay and y? = 4ax..

Ques6. | Make a rough sketch of the region given below and find its area

{(xy)io<y<x*+30<y<2x+3 0<x<3 }}




Sol.

v

s /LD

P
I
N

3

Required Area

2

_[( x*+3 )dx+_:f(2x+3)dx

0

59/3

Ques7. | Using integration, find the area of the region bounded by the triangle whose
vertices are (-1, 0),(1,3) and (3,2).

Ques8. | Using integration find the area of the region bounded by the triangle whose
sides have the equations y=2x+1, y=3x+1 and x=4

Ques9. | Find the area of the region between the two circles x? + y* = 4and

(x—=2)*+y*=4

Ques10. | sketch the graph y = |x + 3| and then evaluate f_06|x + 3| dx

Chapter 9 - DIFFERENTAIL EQUATIONS

Useful tips:
Firstly try from linear differential equation if there is a single x in the given

differential equation then is the type of % + Py = Q differential equation.




For the type of % + Py = Q differential equation

find I.F.=e/ Pdx
then solution by the formula y.I.F.=[ QI.F.dx + C

Quesd. Solve the following differential equation
A+x2) 2 4+y=tan"lx , giventhaty=1whenx=0.
o Y g y
Sol. d
y 1 __ta X - . . . .
— + .y = isaliner differential equation
_ 1 __tan"lx _ tan-lx
=5 an Q= o r? lLlF=e
Solutionisy X I.F.= [ Q X I.F.dx
yxetn T = ftan_lzx x e Xdy  Put e ¥ =t and etan_:xdx = dt
1+x 1+x
=[logtdt =tlogt—t+C
= e@n  X(ganlx — 1)+ C
y = (tan"lx — 1) + Ce tan™'x
Putting x=0,y=1weget C=2
Hence particular solution is y = (tan™1x — 1) 4+ 2e~%@n"' *
Ques2. | Solve the differential equation ydx —(x +2y*)dy =0
Ans: X = 2y* + ¢y
Ques3. | solve the differential equation (1 +x2)2—i+2xy :Tlxz , y=0whenx =1
Ques4. | Solve and find a particular solution satisfying the given condition

Z—er 2ytanx = sinx, y =0 when x =n/3

Ans: y= COSX -2C0S°X

If there is a single y in the given differential equation then it is the type of




Z—; + Px = Q differential equation.

For the type of Z—; + Px = Q differential equation

find I.F.=e/ P4¥
then solution x.1.F.=f QI.F.dy + C

Quesb.

Solve the differential equation (x-siny) dy + tanydx = 0 , given y(0) = 0.

Sol.

dx +(cot y)x=cosy
dy

J.cot ydy

= i.f =e = siny

Therefore solution is
2xsiny =(sin y)2 +2¢
Xx=0,y=0..=c=0
s.2xsiny =(sin y)2

For homogeneous differential equation:

put y=vx and % =v+ x% and the proceed further

Quesb.

Solve the differential equation (x° —y*)dx + 2xydy = 0

Ans: X + y* =cx

Sol.

dy _ _(7) oy y=vx and dy/dx = v+x dv/dx
dx 2xy

1-v?

2v

dv
We get v +-XTE; = —

2v
1+v2

dx
dv = ——
x

on Integrating, x2 + y? = Cx

Ques7.

Solve the differential equation (x -y)dy — (X +y)dx =0

Sol.

Same as ques.no. 6

tan™(%) =1/2 log(x* + y*) +c)

Ques8.

Solve the differential equation x°dy + (xy + y)dx =0. y =1 when x=1




Sol. Same as ques.no. 6
3x%y =y +2x
For variables/ separable type differential equation: if the given differential
equation is of the type % =F(x,y)
then convert the differential equation in the form [ f(x)dx = [ g(y)dy
after integrating we get the solution.

ues9. i i ion P= [g_ 2

Q Solve the differential equation - V9 —y2

sol - [9=y2 g n~ly =x + C (integrating both sides
—= y: = s =dx = osinTy =x (integrating )
=y =sin(x + ()

Ques10 | Solve the differential equation sec?x tany dx + sec?y tanx dy = 0

ol 2x.tany. dx + sec?y.tanx.dy = 0 = “5Xdx + 55 gy = 0
sec®x.tany.dx + sec®y.tanx.dy = = e X Ay =
= logtanx + logtany = logC = tanx.tany = C.

Quesll ) . . dy . . .
Solve the differential equation x(x? — 1) — =1 and find the particular solution
for the initial condition y = 0 when x = 2.

Sol. 1

= [dy= %fz—xdx, putting x? = t,and so 2xdx = dt

x2(x2-1)

x“—1

1 1 1 t—1 1 2_
y=5ft(t_1)dt+C =»y=slog—+C, =y=3log—+C

Puttingy = 0,and x = 2,

1 3 .
we have, O—ElogZ+C ie. C—Elogg




2_
Therefore, the required particular solutionis y = %log z 21 +%log§.

X

Formation of differential equation from the given family of curves:

Ques12 | Find the differential equation of the family of parabolas having vertex at origin
and axis along positive Y-axis.
Sol. Equation of the family of parabolas having vertex at origin and axis along
positive Y-axis isx? = 4ay (i)
Differentiating w r tx, 2x = 4a > (ii)
Eliminating a from (i) and (ii)
Required differential equation is xi—i =2y+c
Ques13 | Form the differential equation representing the family of circles touching the Y-
axis at the origin.
Chapter 10 - VECTORS
Direction cosines: If a, p and 7y are the angles made by a vector with the axes
then cos a, cosp and cosy will be the d.c. of the vector.
Note- if # = ai + bj + ck denote a vector AB then
- a _ b _ c
VaZ+ bE+ & JaZ+ b2+ &2 VaZ+ b2+ 2
Is the d.c. of the vector AB or line AB
Quesl. | Find the direction cosines of the vector @ = 2i + 4] —k . \%\%%
Sol. l:i’m:i’n:—_l
V21 V21 421
Addition of two vectors: I1f @ = a i + byj + c1k and b = a,i + byj + ¢k
then @+ b =(a; + az)i + (by+b,)j + (c1+c)k.
Unit vector in the direction of @ is%
Ques2. | Ifg =1—2j+3k ,b=—20+3]—4k and @ =1— 3} + 5k find a unit vector

-

in the direction of @ +b+¢ .




Sol. d+b+¢ = -2 + 4k
= |d + b+ &|=v20
- - - - - g - —_ 1 " T
unit vector in the direction of @ +b+¢= — (=27 + 4k)
Dot product of two vector : @. b=|d||b|cos@ where @ is the angle between
the vectors @ and b.
Ifd = asi + byj + c1k and b = a,i + b,j + ¢,k
Then Zi B =aqa, + ble + C1Cy .
Ques3. | Find the angle between the vectors i-2j+3k and 3i-2j+k.
Sol. cos 6 = UHTBREI2H0_S
|i-2j+3kK||3i-2j+k| 7
Quesd. | Letd =1+ 4j+2k ,b=31—2j+7kand é=2i— j+ 4k.Find a vector d
which is perpendicular to both the vectors d and b , and ¢. d=15.
Sol. | Given, a=i+4]+2k b=31—2]+7K and C=2f — j + 4K,
AJIQ d is perpendicular to both and b . -.d = A(&xb)
cc | 1Y
Now. axb=|1 4 2/=32i - j-14k
3 -2 7
e TR "
Thus, d =A(321 = ] =14K).....oooeeeeieer e @
Given
Cv A " &R n
cd =15= (2 - j+4k).A(32i - ] -14k) =15
p=2
3
C 5 ~ 2 ~
Therefore, required vector  d =§(32I -] —14k)
Ques5. | The scalar product of the vector i +j+k with the unit vector along the sum of
P J
vectors 21 +4j-5k and A 1 +2j+3k is equal to one. Find the value of A.
Ques6. | Three vectors @, b and & satisfy @ + b + & = 0. Evaluate d.b + b.¢ + ¢.d , if

@l = 1,|b| = 4,1¢] = 2.




I — > _db
Projection of d on :W

~

Ques7. | Find the projection of the vector ¥ on the vector ¥, where ¥ = S1+j — k ,

y=d—balsod= i+2 —9, b= —9i+6j+k.
Cross product: @X b=|d] |B|sin0ﬁ where®@ is the angle between the vectors
and 7 is a unit vector perpendicular to both the vectors.
Ifd = a,i+byj+cik and b = ayi + byj + ok
|t g k
ThendXb=la;, b; ¢,
a, b, c,
Ques8. | Find b x &, if b = 20+ j + 3k and & = 31 + 5] — 2k.
Vector perpendicular to both @ and b is axb
Unit vector perpendicular to both @ and b is |§€|

Ques9. | Find the components of a vector which is perpendicular to the vectorsi +2j —k
and 3i —j + 2k.

Ques10. | Find a vector of magnitude 7 which is perpendicular to @ = —i + 2 — 9k and
b= 6i+7]+k.

Area of a parallelogram whose adjacent sides ared and bis A:|HXB|

Quesl2. | Find the area of a parallelogram whose adjacent sides are given by the vectors
d=31+j+4kandb=1—j+k.

Ques13. | Find the value of A so that the four points A, B, C and D with position vectors
4t +5j+k, —j—k, 3i+Aj+4k and —4i+ 4+ 4k respectively are
coplanar.

Sol. AB = —4i—6j — 2k

AC = —i+ (A—5)j+3k

AD = —8i—j+3k

[ABACAD] = 0

since the four points are coplanar




4 -6 -2
:[—1 A—5 3]=o > A=9
-8 -1 3

Quesl4.

Three vectors @, b and ¢ satisfy: @ + b + & = 0.
4, |

Evaluate: d.b + b.¢ + ¢.d , if |d| = 1,|b| = =2.

Ques1b.

Cc~C
If a,b,C are mutually perpendicular vectors of equal magnitudes, show that the vector

C ~ O L C N~ u
a+b+cCis equally inclined to a, b and C.

Sol.

Given, |a(1(: ‘q: |é[: A(say)
-\
Since @, b, C are mutually perpendicular vectors.

Therefore, éfk;lz t;/c(:' = é’c\IJ =0
cCqg cCcccC
‘a+b+cﬁ —(a+b+<(:").(a+b+8=3/12
‘a+b+c \/_/1

CvY L. LN~
Let the angle between a,band ¢ witha+b+care o, fand y.
é".-(e(f-+t;/+é)‘_i

CoS & = =
|a a+b+cl V3

La= cos{%} Similarly ~. =y = cosl(%j

Chapter 11 - THREE DIMENSIONAL GEOMETRY

If L, m and n are the direction cosines of a line ,then!|* +m° +n* =1

Quesl.

Find the direction cosines of a line which makes equal angles with the coordinate
axes .

Sol.

| ==

a
If a, b, ¢ are direction ratios then ! = Tatipiec and so for m and n.

Que2.

If al line has direction ratios -18,12,-4 then what are its direction cosines?

Sol.

-9 6 -2

The direction ratios of a vector ¥ =ai + bj + ck are a, b, c




The angle @ between two lines is given by cos @ =l I, + mym,+nin,

o a,a, +bb, +c.c,
The angle 8 between two lines is given by €0S6 = s 2 2 [ 2
Jal +b? +cf\al +bf +c

If @ is the angle between two lines 7 = @; + Ab, and 7 =a, + Ab, then

byi.by
|b1][b2]

cosf =

Lines are perpendicular if b_l)b_z) =0

Lines are parallel if by = ab,

Ques3. If the two lines X1 2 Y =2 _2=8 jpg x=1_y-1_2-6,, perpendicular.
-3 2k 2 3k 1 -5
Find the value of k.
Sol. Since the given lines are perpendicular therefore —3.3k + 2k.1 + 2(=5) =0
_—10
> k=—
ues4. . i - — -
Q Find the value of p, so that the lines 1=x_ 7yp14 _Z 5 3 and
T-7X _¥=5_8-2 4 perpendicular to each other .
3p 1 5
Sol. Same as ques. 3 but keep in mind that coefficient of X, y, z should be +1.
ues>S. . . . X= — .
Q The Cartesian equation of a line is X=5 _Y ; 4 _ 6 . Write its vector form.
SOI. - A AN A A A A
r=5i—4 j+6k+ A(3i+7 j+ 2k)
Useful formula:
Shortest distance between two lines # = al + ab1 and 7 = a2 + ub2 is
given by : S.D.= %
Ques6. | By computing the shortest distance between the following lines, determine

whether they intersect or not? F=1i — j + /I(Zf + IZ); =2~ j+ y(f —-j- IZ)




Sol.

C
Given, r =

(

P— Al k) r=2i— j+uli- k)
CcC C

~2)-faxb;)

lo, xb,|

20

S.D.:‘ iunit =0
‘ ‘ 14

hence the given line doesn't inter sect.

Ques7.

Find the shortest distance between

X+1 y+1 z+1and 3-x:y—5:z—7
7 -6 1 -1 -2 1

Sol.

Convert in vector form and solve as ques. No. 6.

Equation of plane passing the line of intersection of two planes 7.nl =d1

and 7.n1 = d1 is given by 7. (n1 + an2) = d1 + ad2

Cartesian equation of a plane that passes through the intersection of two
planes a;x + b1y + c1z+d; = 0 and a,x + b,y + ¢z + d, = 0 isgiven
byaix + byy+ciz+di+ A(ax+b,y+cz+d;) =0,

Ques8.

Find the equation of the plane which contains line of intersection of planes
F.(?+2j +3k)—4 =0,& F.(2f+j —k)+5 =0 and which passes through the

Point (1,0,-2).

Sol.

The equation of the plane passing through the line of intersection of the given planes are
: F.{(zi +j —k)+/1(f +2]j +3k)}= 457 (i)
This plane is also passes through the point (1,0,-2)
Therefore 1.(2+1)-2(-1+31)=0
= Xz%

Putting the value of A in eqn. (i) we get the required equation of plane.

Equation of plane perpendicular to the line 7 = a + ab is Suppose as

*b=d

Equation of line perpendicular to the plane Fb=d is suppose as¥ = d +

ab

Equation of plane parallel to the line 7 = a1 + ab1 and # = a2 + ub2 is




suppose as 7. (b1Xbh2) = d

Ques9.

Find the vector and Cartesian equations of the line passing through the point
x—lzy—2=z—3and§ y_
2 3 3 2

(2,,3) and perpendicular to the lines %

Equation of line parallel to the planes #.n1 = d1 and #.n1 = d1

Is suppose as ¥ = d@ + a(n1Xn2)

Ques.

Find the vector equation of the line which is parallel to the planes,

N

r (IA— ]+ 2kj =5 and rc.(3?+ }+ 12) =6, and passes through the point (1,2,3).

Sol.

Vector equation of the line parallel to the given planes are
?: 5+ﬂ,(iA— }+2kj X (BiA+ ]+I2j

This plane also passes through the point (1,2,3)
Therefore required equation of the plane is

? = (/l\-i- 2 }+ 3kj + l(?— }+ 2kj X (3?+ }+ E)

Cartesian equation of a plane passing through three non collinear points
A(x1,¥1,21) ,B(x2,¥2,22) and C (x3, y3, 23) is given by

X—X1 Y—=Y1 Z2— 7
X2-X1 Y2-Y1 Z2-73
X3_-X1 JY3-Y1 Z3-7Z3

=0

Ques10.

Find the equation of the plane that passes through three points. (1, 1, —1),
(6’ 4’ _5)’ (_4, _2, 3)'

Quesl1.

Find the equation of the plane passing through the point (-1,-1,2) and

perpendicular to each  of the planes: 2x +3y —3z =2and 5x —4y + z = 6.

Sol.

Equation of plane passing through ( -1, -1, 2) is

Ax+1) +B (y +1) +C(z-2)=0.......cevinenne.. (1)

Plane (1) is perpendicular to the planes: 2x+3y-3z=2 and 5x-4y+z =6

Therefore, 2A +3B - 37Z=0 ......... 2)& BHA-4B+C=0 ....(3)
A -B C

Solving (2) and (3),3-12 2+15 —8-15_ " (say)




= A=-94,B=-171 and C=-23
Therefore required equation of plane is:
OAX+1) -17A4(y+1) -234(2-2) =0=9x+17y+232-20=0.

Ques13.

Find the vector and Cartesian equations of the line passing through the point

y 2

-1 y-2 z2-3

(2,1,3) and perpendicular to the lines X1 and

X
2 3 3 5

Chapter 13 - LINEAR PROGRAMMING

Linear Programming problem: Linear programming is the process of taking
various linear inequalities relating to some situation, and finding the "best" value
under those conditions. A typical example would be taking the limitations of
materials and labor, and then determining the "best" production levels for
maximal profits under those conditions.

Objective function: The linear function z = c1X; + .......... CnXn Which is to be

maximized (or minimized) is called the objective function of L.P.P.

Feasible solution: Any solution to the general L.P.P. which satisfy the non-
negative restrictions of the problem is called a feasible solution to the general
L.P.P.

Optimum Feasible solution: Any feasible solution which optimize (minimizes or
maximizes) the objective function of a general L.P.P. is called an optimum

solution

Linear Programming Problem Formulation: We are not going to be
concerned with the question of how LP problems are solved. Instead, we will
focus on problem formulation — translating real-world problems into the
mathematical equations of a linear program — and interpreting the solutions to
linear programs. Steps in formulation:

1. Identify the decision variables;

2. Formulate the objective function;

3. formulate the constraints.




4. A trivial step, but one you should not forget, is writing out the non-negativity
constraints.

5. Find the solution region (feasible region) of linear constraints. The corner
points are the vertices of the feasible region. Once you have the graph of the
system of linear inequalities, then you can look at the graph and easily tell where
the corner points are.

6. Find the value of objective function at the different corner points.

Useful tips: The general process for solving linear-programming exercises is to
MAKING the graph of the inequalities (called the ""constraints'). Then you find out
the coordinates of the corners of this feasibility region (that is, you find the
intersection points of the various pairs of lines), and find the value of objective
function at these .

to draw the line ax+by=c

put x=0 find the value of y

and put y=0 and find the value of x. make the table

X 0
Y 0
And then draw the graph of the line.

And solve the question as per given condition.

Quesl.

A diet is to contain at least 80 units of vitamin A and 100 units of minerals. Two foods
F.and F, are available. Food F; costs Rs 4 per unit food and F, costs Rs 6 per unit. One
unit of food F; contains 3 units of vitamin A and 4 units of minerals. One unit of food F,
contains 6 units of vitamin A and 3 units of minerals. Formulate this as a linear
programming problem. Find the minimum cost for diet that consists of mixture of these
two foods and also meets the minimal nutritional requirements? Name two foods which

contains minerals and vitamins.

Sol.

Let the diet contain x units of food F; and y units of food F..

Therefore, x> 0 and y > 0, The given information can be complied in a table as follows.

Vit.A(uts) Min. (uts) Cost per unit  (Rs)




Food F; (X) 3 4 4
Foo F; (y) 6 3 6
Requirement 80 100

The cost of food F; is Rs 4 per unit and of Food F; is Rs 6 per unit. Therefore, the
3x + 6y > 80; 4x + 3y >100; X, y > 0

constraints are:

Total cost of the diet, Z = 4x + 6y,

Minimise Z =4x + 6y ... (1)

subject to the constraints,3x+ 6y >80 ... (2),4x+3y>100... 3)x,y>0... (4)

Corner point Z = 4x + 6y
QKE‘UJ 3;::0:106.0?
L E
B | 24 % ‘l 104 — Minimum
\. 3 J
. .
c| o 100 200

hS - A

As the feasible region is unbounded, therefore, 104 may or may not be the minimum

value of Z.For this, we draw a graph of the inequality,

4x + 6y< 104 or 2x + 3y< 52, and check whether the resulting half plane has points in

common with the feasible region or not.




It can be seen that the feasible region has no common point with

2x + 3y< 52 Therefore, the minimum cost of the mixture will be Rs 104.

Green vegetables & fruits.

Ques2.

A manufacturer manufactures two types of steel trunks. He has two machines A and B.
For completing the first type of trunk, it requires 3 hours on machine A and 1 hour on
machine B; whereas the second type of trunk requires 3 hours on machine A and two
hours on machine B. Machine A can work for 18 hours and B for 8 hours only per day.
There is a profit of Rs.30 on the first type of the trunk and Rs.48 on second type per
trunk. How many trunk of each type should be manufactured every day to earn
maximum profit? Solve the problem graphically.

Sol.

Trunk | Trunk 1l Max.Time
Machine A(time in hours) | 3 hrs. 3 hrs. 18 hrs.
Machine B(Time in hours) | 1 hrs. 2 hrs. 8 hrs.
Profit Rs.30/trunk | Rs.48/trunk

Let x and y trunks of type | and Il are made respectively.
To maximize: z=30x +48y

Subject to constraints;

X, y=>0

3x+3y <18

X+2y<8




Corner Point Z=30x+48y

(0, 4) 192
(6 ,0) 180
(4.2) 216 (Maximum)

To maximize the profit 4 trunks of type | and 2 trunk of type Il are to be made.
Maximum Profit=Rs.216/.

Ques. One kind of cake requires 200g of flour and 25g of fat, and another kind of cake
requires 100g of flour and 50g of fat. Find the maximum number of cakes which
can be made from 5kg of flour and 1 kg of fat assuming that there is no shortage
of the other ingredients used in making the cakes.

Sol. Maximum no. of cakes=30 of one kind and 10 cakes of another kind.

Que4. | A dietician wishes to mix two types of foods in such a way that the vitamin

contains of the mixture contains at least 8 units of vitamin A and 10 unites of
vitamin C. Food | contains 2 unit/ kg of vitamin A and 1unit/ kg of vitamin C
while food Il contains 1lunit/ kg of vitamin A and 2unit/ kg of vitamin C. It cost
Rs 5 per kg to purchase food | and Rs 7 per kg to purchase food Il. Determine

the minimum cost of mixture .




Quesb.

A Youngman rides his motor cycle at a speed of 25km/h .He had to spend Rs
2per km on petrol with little pollution. If he rides it at a faster speed of 40 km/h
the petrol cost increase to Rs 2per km .He has at most Rs100 to spend on petrol
and one hour time .Find the maximum distance he can travel? What value is

indicated in this question?

Quesb.

A dealer in rural area wises to purchase a number of sewing machine . He has
only Rs 5760 to invest and has a space for at most 20 items .A electronic
machine costs Rs360 and manually operated machine is Rs 240. He can sell
electronic machine at a profit of Rs22 and manually operated machine at a profit
of Rs 18. How can he sells them to get maximum profit?

Ques7.

A dietician wishes to mix two types of foods in such a way that the vitamin
contains of the mixture contains at least 8 units of vitamin A and 10 unites of
vitamin C. Food | contains 2 unit/ kg of vitamin A and 1unit/ kg of vitamin C
while food Il contains 1unit/ kg of vitamin A and 2unit/ kg of vitamin C. It cost
Rs 5 per kg to purchase food | and Rs 7 per kg to purchase food II. Determine

the minimum cost of mixture.

Ques8.

A man rides his motor cycle at a speed of 50 km/h .He has to spend Rs 2per km
on petrol. If he rides it at a faster speed of 80 km/h the petrol cost increase to Rs
3 per km .He has at most Rs120 to spend on petrol and one hour time .Find the

maximum distance he can travel?

Chapter 14 —- PROBABILITY

Useful formula:

_P(ANB)
PAB)=—%,

P(An B)=P(A|B)P(B)

Quesl.

If P(A)=2/5, P(B)=1/3 and P(AN B)=1/5 then find P(4'|B).

Sol.

P(AINBr) _ 1-P(AUB)

! n—
P(A"|B')= P(B") 1-P(B)




_1-(P(A)+P(B)-P(4NB)) _ 7
- 1-P(B) ~ 10

Ques2.

A die is thrown twice and the sum of numbers appearing is observed to be 6. What is

the conditional probability that the number 4 has appeared at least once.

Sol.

Let A: Sum of numbers on the dice is 6.
Therefore; A={ (1,5),(2,4),(3,3),(4,2),(5,1) }
B: Number 4 appeared at least once.
B={(1.4).(2,4).(3:4).(4.4).(5.4),(6.4),(4.1).(4.2),(4.3).(4.5),(4.6) }
AnB={(2,4),4,2) }

P(ANB)

. P(AB)= o E)

11

Ques3.

A die is thrown twice and the sum of the number appearing is observed to be 6.What

is the conditional probability that the number 4 has appeared at least once.

Sol.

A die is thrown twice, so the number of outcomes in the sample space =36
A be the event that sum is 6 A={(1,5),(5,1),(3,3),(2,4),(4,2)} so that P(A)=5/36.
Let B be the event that the number 4 has appeared at least once, then
B={(4,1),(4,2), (4,3), (4,4), (4.5), (4,6),(1,4),(2, 4),(3, 4),(4, 4).(5, 4).(6, 4)}
hence P (B) =11/36 ANB ={(2,4),(4,2)} = P(AnB) = 3_26
The conditional probability that the number 4 has appeared at least once is
P(AnB) 2/36 _3

P(A) 5/36 5

P(B/A) =

Total probability theorem: P(A)=P(E1)P(A|E1)+P(E2)P(A|E2)+P(E3)P(A|E3)

P(E1)P(A|ED)

Bave’s theorem: P(E1[A)= P(E1)P(A|E1)+P(E2)P(A|E2)+P(E3)P(A|E3)

Quesb.

In answering a question on a multiple choice test, a student either knows the answer
or guesses. Let % be the probability that he knows the answer and Y2 be the
probability that he guesses. Assuming that a student who guesses at the answer will
be correct with the probability 1/4. What is the probability that the student knows the
answer given that he answered it correctly?

Sol.

Let E; and E, be the respective events that the student knows the answer and he




guesses the answer. & Let A be the event that the answer is correct.P(E;) =

3 _1
Z&P(Ez)—4.

The probability that the student answered correctly, given that he knows the answer :
P(AE) =1

Probability that the student answered correctly, given that he guessed:P (A|E2) = %

The probability that the student knows the answer, given that he answered it
correctly P (E1|A)

By using Bayes’ theorem, we have :

3
_ P(E)P (AIE1) T
P (EllA)_P(El)P (AIED+P(E2)P (AlE2) 21422 13

Quesb.

Assume that the chance of a patient having a heart attack is 40 %. Assume that a
meditation and yoga course reduces the risk of heart attack by 30% and prescription
of certain drug reduce the risk by 25%. At time a patient can choose any one of the
two option with equal probabilities. It is given that after going through one of the two
options, the patient selected at random suffers a heart attack. Find the probability that
the patient followed a course of meditation and yoga. Interpret the result and sate

which of the above stated methods is more beneficial for the patient.

Sol.

Let us define, E; :Patient follows meditation and yoga, E; : patient uses certain drug

D : Picking a defective bulb.

1 40 30, 28 40 25, 30
P(E)=P(E,)==,P(DIE,)=—(1-—)=—, —1-—)=—,
(B)=P(E,) 2 (DI, 100( 100) 100 100( 100) 100
Probability that the picked defective bulb is manufactured by machine A is:
P(E,)P(D|E
oleo) = PEPOIE) -u
P(E,)P(D|E,)+P(E,)P(D|E,) 29

P(D|E,)=

The first method of meditation and yoga is more beneficial because this method will

not have any side effect.

Ques7.

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two




card are drawn and are found to be both diamonds. Find the probability of lost card

being a diamond.

Sol. Let E; and E; be the respective events of choosing a diamond card and a card which
is not diamond. Let A denote the lost card.
Out of 52 cards, 13 cards are diamond and 39 cards are not diamond.
B_1 -39 _3
PE)=; =, PE)=;=;
The probability of getting two cards, when one diamond card is lost, is given by :P
_12C2_ 22
(AlE)=- 570
The probability of getting two cards, when one card is lost which is not diamond, is
. 13C2_ 26
given by P (AIEZ):E:E
The probability that the lost card is diamond is given by
_ P(E1)P (AIE1) _1
P (E1|A)_p(51)1: (A|[EV)+P(E,)P (A|E2) _ 50°
Ques. | Aninsurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck
drivers. The probability of an accident involving a scooter ,a car and a truck are 0.01,
0.03 and 0.15 respectively. One of the insured person meets with an accident. What
is the probability that he is a scooter driver. Which mode of transport would you
suggest to a student and why?
Sol. Let A be the event that the insured person meets with an accident. E;, E, and E3 are

the events that the person is a scooter, car and truck driver respectively.

Then we have to find P(E1/A) .

Total number of insured persons = 2000+4000+6000 = 12000.
P (E;) =2000/12000 =1/6; P (E,) = 4000/12000 = 1/3; P (E3) = 6000/12000 = %
Also P (A/E;) =0.01; P (A/E;) =0.03 and P (A/E3) = 0.15

Hence by Bye’s theorem we have




P(ATEP(E]
P(A/E,)P(E,)+P(A/E,)P(E,)+P(A/E,)P(E,)
~ 0.01x1/6
 0.01x1/6+0.03x1/3+0.15x1/2

Suggestion: Cycle should be promoted as it is good for Health, No pollution.

P(E,/A)=

=1/52.

Random variables

X 0 1 2 3 Add and find
P(X) Y P(X)=1
XP(X) z XP(X)
X°P(X) z X2P(X)

Mean=E(X)=), XP(X)
Variance:Y X2P(X) — (X XP(X))?2

Ques8. | A random variable X has the following probabilities distribution:
X 0 1 2 3 4 5 6
P(X) 0 K 2k 2k 3k K® 2k?
Determine the value of k.
Ans 1/10
Ques9. | There is a group of 50 people who are patriotic out of which 20 believe in non-
violence. Two persons are selected at random out of them; write the probability
distribution for selected persons who are non-violent. Also find the mean of the
distribution. Explain the importance of Non-violence in patriotism.
Sol. Let X denote the no. of non-violent persons out of selected two.

then X=0, 1, 2 therefore req. prob. Distribution is given by

X 0 1 2
PO [ 87 120 E
245 245 245
198

and E(X):ZXP(X):ZTS




In order to have peaceful environment both the values are required, patriotism &

non-violence. Only patriotism with violence could be very dangerous.

QuelO. | A biased die is twice as likely to show an even number as an odd number. The die is
rolled three times. If occurrence of an even number is considered as a success, then
write the probability distribution of number of successes. Also find the mean number
of successes.

Sol. Getting P(odd number)= é P(even number):§
Let X be the random variable: getting an even number

X 0 1 2
P(X) 1 6 12 8
27 27 27 27
X.P(X) 0 6 24 24
27 27 27
Mean =X X.P(X) = = =2.
Barnauli’s trials:
P= probability of success and q= probability of failure
Probability of r success in the n numbers of trails
P(X=R)=n¢, ,rqn-r

Quell. | Two cards are drawn simultaneously (or successively without replacement) from a
well shuffled pack of 52 cards. Find the mean, variance and standard deviation of the
number of kings.

Quel2. | From a lot of 30 bulbs which include 6 defective bulbs, 3 bulbs are drawn one by one
with replacement. Find the probability distribution of number of defective bulbs

Quel3. | How many times must a man toss a fair coin so that the probability of having at least
one head is more than90%.

Queld. | Three persons A, B, C throw a die is successful till one gets a ‘six’ and win the

game. Find their respective probabilities of the winning, if A starts the game




List of easy and scoring area chapter wise

S. Topic Concept No. of maximum marks
no. allotted on the board exam.
1. | Relations & Functions | Equivalence relation 4 Marks
Binary operations 1 Mark
2. | Inverse Trigonometric | Principle value 1 Mark
Functions Some simple problems based on
tanx + tan™y = tan™ :Zy 4 Marks
3. | Matrices Problems based on elementary 6 Marks
transformation for finding inverse ofa | 2(1 Mark each ) or 1
square matrix. (4Marks)
Types and Algebra of Matrices
4. | Determinants Evaluation of determinants 1 Mark
Solution of Linear Equations by Matrix
Inverse Method 6 Marks
5. | Continuity and Continuity at a point 1 Mark
Differentiability Logarithmic and Parametric diff.
Few Questions based on second order 4 Marks
derivatives & Mean value theorem
6. | Applications of Increasing / Decreasing based on 4 Marks
differentiation polynomialsError & Approximation 4 Marks
Selected Problems based on Maxima & | 6 Marks
Minima
7. | Integrals Integration as limit of a sum 4 Marks
Question based on properties like
Jy fdx = [Ff(a—x)dx 6/4 Marks
8. | Application of integral | Simple questions for finding area under | 6 Marks
acurve
9. | Differential Equations | Solution of Homogeneous differential 4 Marks

quations




Solution of Linear differential equations | 4 Marks

10. | Vectors Angle between two vectors/projection 1 mark
formula/ unit vector condition for

perpendicular & parallel vectors and

some selected questions 4 Marks
11. | Three Dimensional Direction Cosines/ Direction Ratios 1 Mark
Geometry Shortest Distance between two lines,

Condition for perpendicularity of two

lines 4/6 Marks
12. | Linear Programming | All types of problems related to L.P.P. | 6 Marks
Problems
13. | Probability Baye’s Theorem 6 Marks
Probability Distribution & Binomial
Distribution 4 Marks
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